GLOBAL WELL-POSEDNESS IN ENERGY SPACE OF THE 
PERIODIC MODIFIED BENJAMIN-ONO EQUATION 
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Abstract. Wc prove that the periodic modified Bcnjamin-Ono equation is glob- 
ally well-posed in the energy space H 1 / 2 . The proof is based on an X s ' b analysis 
of the system after gauge transform. 
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1. Introduction, main results and notations 

In this paper, we study the Cauchy problem for the defocusing modified Benjamin- 
Ono equation on the torus that reads (also the equation with focusing nonlinearity 
of the form —u 2 u x can be treated by our method) 



d t u + T-Ld^u = u 2 u 2 
u(x, 0) = u 



XI) 



where u(t, x) : R x T -> R, T = M/2vrZ and H is the Hilbert transform 

Hf(0) = 0, Hf(k) = -isgn(k)f(k), k G IT. 
The Benjamin-Ono equation with the quadratic nonlinear term 

d t u + Hdlu =uu x (1.2) 
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was derived by Benjamin [2] and Ono [24] as a model for one-dimensional waves in 
deep water. On the other hand, the cubic nonlinearity is also of much interest for 
long wave models [JJ [13] . 

There are at least the following three conservation laws preserved under the flow 
of the real-valued mBO equation (11. ip 



u(t, x)dx = 0, (1.3) 
u(t,x) 2 dx = 0, (1.4) 



t 



d_ 
~dt 
d 
~dt 

d f 1 

Jt J T 2 Unu ^l2 lu{t ' x) ^ dx = - (L5) 

These conservation laws provide a priori bounds on the solution. For instance, we 
get from (11.41) and (11.51) that the B 1 ! 2 norm of the solution remains bounded for 
finite time if the initial data belongs to H 1 ! 2 . 

The Cauchy problems for (11.11) and the Benjamin-Ono equation (11.21) have been 
extensively studied. For instance, in both real-line and periodic case, the energy 
method provides local well-posedness for BO and mBO in H s for s > 3/2 [TO]. In 
the real-line case, this result was improved by combination of energy method and the 
dispersive effects. For real-line BO equation, the result s > 3/2 by Ponce [25] was 
the first place of such combination as a consequence of the commutator estimates in 
[TT] . was later improved to s > 5/4 in [16], and s > 9/8 in [12]. Tao [26] obtained 
global well-posedness in H s for s > 1 by using a gauge transformation as for the 
derivative Schrodinger equation and Strichartz estimates. This result was improved 
to s > by Ionescu and Kenig [9], and to s > 1/4 (local well-posedness) by Burq 
and Planchon [4] . Their proof both used the Fourier restriction norm introduced in 
[3] . Recently, Molinet and Pilod [17] gave a simplified proof for s > and obtained 
unconditional uniqueness for s > 1/4. 

For the real-line mBO, this was improved to s > 1 by Kenig-Koenig [12] by the 
enhanced energy methods. Molinet and Ribaud [19] obtained analytic local well- 

1 /2 

posedness for the complex- valued mBO in H s for s > 1/2 and B 21 with a small 
L 2 norm, improving the result of Kenig- Ponce- Vega [2] for s > 1. The smallness 
condition of H s (s > 1/2) results was later removed in |18] by using Tao's gauge 
transformation j2S]. The result for s = 1/2 was obtained by Kenig and Takaoka 
[15] by using frequency dyadically localized gauge transformation. Their result is 
sharp in the sense that the solution map is not locally uniformly continuous in H s for 
s < 1/2 (The failure of C 3 smoothness was obtained in [19]). Later, Guo [7J obtained 
the same result without using gauge transform under a smallness condition on the 
L 2 norm. 

In the periodic case, there is no smoothing effect for the equation. However, to 
overcome the loss of derivative, the gauge transform still applies. For the periodic 
BO equation, global well-posedness in H 1 was proved by Molinet and Ribaud [2"2"] . 
was later improved by Molinet to H 1 ^ 2 [21], and L 2 [20]. Molinet [23] also proved 
that the result in L 2 is sharp in the sense that the solution map fails to be continuous 
below L 2 . For the periodic mBO (II. ip . local well-posedness in H 1 was proved in 
Their proof used the Strichartz norm and gauge transform. 
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The purpose of this paper is to improve the well-posedness results for ( 11. ip to the 
energy space H 1 ! 2 . The main result of this paper is 

Theorem 1.1. Let s > 1/2. Then mBO equation (II. ip is globally well-posed in H s . 

A very similar equation to mBO (II. ip is the derivative nonlinear Schrodinger 
equation 

id t u + d 2 u = i(\u\ 2 u) x , (t, x) e R x T 
u(0, x) = no- 
It has also attracted extensive attention. Local well-posedness for (II. 6p in H 1 ! 2 was 
proved by Herr [8]. There are several differences between ( II. ip and ( II. 6p . The first 
one is the integrability: ( II. 6p is integrable while ( II .ip is not. The second one is the 
conservation laws: ( II. ip has a conservation law at level H 1 ^ 2 , and hence GWP in 
H 1 ! 2 is much easier. The last one is the action of the gauge transform: let v be 
the function after gauge transform, (11.61) can be reduced to a clean equation which 
involves only v, while ( 11.11) can only reduce to a system that involves both u and v, 
and hence the gauge for (II. ip brings more technical difficulties. 

We discuss now the ingredients in the proof of Theorem 11.11 Let u be a smooth 
solution to (II. ip . define 

1 , f'l 



w = T{u) := —=u(t, x — \ — u (s,x)dxds). (1.7) 
V2 Jo 27T J 

Then w solves the "Wicked order" mBO equation: 

d t u + Hd 2 x u = 2P^ c (u 2 )u x , 



u(x,0) = u , 



where P-t c f = f — ^ Jj fdx- It is easy to see that T and its inverse T -1 are both 
continuous maps from C((—T,T) : H s ) to C((— T, T) : H s ) for s > 0. Therefore we 
will consider (ll.8p instead of ( II. ip . Now, in order to overcome the loss of derivative, 
we will apply the method of gauge transform as in [22j [201 EI], which was first 
developed for BO equation by Tao [26]. As noticed above the equation satisfied 
by this gauge transform v involves terms with both u and v. One of the main 
difficulties is that the solution u does not share the same regularity in Bourgain'space 
as the gauge transform v. The main new ingredient is the use of the Marcinkiewicz 
multiplier theorem that enables us to treat the multiplication by u in Bourgain'space 
in a simple way. 

1.1. Notations. For A, B > 0, A < B means that there exists c > such that 
A < cB. When c is a small constant we use i C B. We write A ~ B to denote the 
statement that A < B < A. 

We denote the sum on Z by integral form J a(£)d£, := X^ez a (0- For a 27r-periodic 
function <fr, we define its Fourier transform on Z by 

0(0 := f e~ iix <i){x)dx, V(GZ. 

JR/2ttZ 

We denote by W(-) the unitary group W(t)u := J r ~ 1 e~ 4 *^^J r x Mo(0- 
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For a function u(t, x) on R x R/ (27r)Z, we define its space-time Fourier transform 
as follows, V (r, £) G R x Z 

u(r,0 := J"t,.(M)(r,0 := .7»(t,£) = / / e- 4(T ' +5:E) 7x(t, x)dxdt. 

Then define the Sobolev spaces iP for (27r)-periodic function by 

U\\ H s := ||<OVII^ = ll^)lk, 

where (£) := (1 + |£| 2 )^ and := (£) S 0(O- For 2 < g < oo we define also the 

Sobolev type spaces H* by 

We will use the following Bourgain-type spaces denoted by X s,b , Z s,b and Y s of 
(27r)-periodic (in x) functions respectively endowed with the norm 

imi*-.» H\(o s (T+m) b u(T,o\\Li s , 

\M\z* H\(0 S (r+m) b Hr,0\\ L pi, 

and 

\\ u \\y° ■= \\ u \\ x s,i + IMU S '°- (!- 9 ) 

One can easily check that u y u an isometry in X s,b and Z s,b and that F s ^ 
^-t- C(R;iP). We will also use the space-time Lebesgue spaces denoted by 
LjL^ of (27r)-periodic (in x) functions endowed with the norm 




with the obvious modification for p = oo. For any space-time function space B and 
any T > 0, we denote by the corresponding restriction in time space endowed 
with the norm 

\\u\\ Bt := inf {\\v \\b,v(-) = w(-) on (0,T)}. 

Let 770 : R — >■ [0,1] denote an even smooth function supported in [—8/5,8/5] 
and equal to 1 in [-5/4,5/4]. For k <E N* let Xk(C) = ^o(C/2 fe_1 ) - r?o(^/2 fe - 2 ), 
^7<fe = 7 7o(^/2 fe_1 ), and then let P 2 fc an d P<2 fc denote the operators on L 2 (T) defined 
by 

Ku(0 = ^(20, P^(0 = X*(0"(0 -^N*, and = 77< fc (£M£) . 

By a slight abuse of notation we define the operators P 2 k , P<2 k 

on L 2 (R x T) by 

the formulas J T (P 2 ku)(r, £) = Xfc(0- 7r ( M )( r ? 0> F{ p <2ku)(r,£) = r]< k ^)J r (u)(r, f). 
We also define the projection operators P±f = J r ~ 1 l±(>oJ r f , P c f = t~ f T fdx, 
P^c — I ~~ Pci and P^ k = P + P 2 fc, P<2 k = P+P<2 k - 

To simplify the notation, we use capitalized variables to describes the dyadic 
number, i.e. any capitalized variables such as N range over the dyadic number 2 N . 
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Finally, for any 1 < p < oo and any function space B we define the space-time 
function space L\B by 



fc=0 

It is worth noticing that Littlewood-Paley square function theorem ensures that 
lJl p x L\Ll for 2 < p < oo. 

2. Gauge transform 

In this section, we introduce the gauge transform. Let u G C([—T,T] : H°°(T)) 
be a smooth solution to ( II. 8p . Define the periodic primitive of u 2 — -^\\u{t)\\2 with 
zero mean by 

F = F{u) = d^P^u 2 ) = — / u 2 (t,y) - —\\ u (t)f L2 dyde. 

Let 

v = Q{u) := P + (e-* F u), (2.1) 
then we look for the equation that v solves. It holds 

v t =P + [e- lF (-zF t u + u t )], 
v xx =P + {e~ lF (-F 2 u - iF x u x - i{F x u) x + u xx )] , 

and thus 

vt - iv X x =P+[e~ tF (-iF t u + i(F x ) 2 u - F xx u)] 

+ P+[e- lF (u t - iu xx - 2F x u x )] :=/ + //. 
Using equation ( II. 8D we easily get 

// =P + [e~ lF (u t + Uu xx - 2iP_u xx - 2F x u x )\ = -2iP + [e~ iF P_u xx }. 

Next we compute J. Using again ( 11.81) and the conservation of the L 2 -norm for 
smooth solutions, we have 

F t =d t d x \p^ c u 2 ) = d x l d t (u 2 - p c u 2 ) = dr/dtu 2 

=2d~ l [~u%u xx + 2P^ c {u 2 )uu^j 

=23 x l (-d x (uUu x ) + u x Uu x + P +c {u 2 )d x P +c {u 2 )} 

=P +c {[P+cU 2 f) - 2uUu x + 2P c {uUu x ) + 2d x 1 (u x 'Hu x ) . (2.2) 

Noticing that F x = P-t c {u 2 ) we infer that 

-mP^((P^ c u 2 ) 2 ) + iu{F x ) 2 = iuP c ({P^ c u 2 ) 2 ^ 

and noticing that F xx = 2uu x , 

2iuP^ c (ul-Ld x u^ — F xx u = —Au 2 P^u x — 2iuP c {uHu x ) . 
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Moreover, following [T8] . we will use the symmetry of the term d~ l {u x T-Lu x ) . Indeed, 
it is easy to check that d~ l {u x %u x ) = —id" 1 (P + u x ) 2 + id' 1 (P_u x ) 2 and thus setting 

B(u, v) = -id-\P + u x P + v x ) + id^{P.u x P.v x ) , (2.3) 

we infer that d~ 1 {u x H.u, x } = B(u,u). We thus finally get 

I = P + e~ lF (-4:U 2 P_u x - 2iuB(u,u) + 2iuP c (uHu x ) - iuP c {[P^ c u 2 ) 2 ^j 
which leads to 

v t — iv xx =P + e~ tF (^—4:U 2 P-U X — 2%P^u xx — 2iuB(u, u) 

- 2iuP c (uHu x ) + iwi , c ((?^ 2 ) 2 )) . (2.4) 

Due to the projector P + ,P_, we see formally that in the system (I2.ip - (l2.4p there is 
no high-low interaction of the form 

P\0W^ ' d X PfiigjiU. 

Note that u — > Q{u) can be "inverted" in Lebesgue space. This is the strategy used 
in [22] to prove well-posedness in H 1 . To go below to if 1 / 2 , we intend to use X s,h 
spaces. But u — > Q{u) can not be well "inverted" in Bourgain'spaces and thus u will 
not have the same regularity as G{u) in these spaces. To handle this former difficulty, 
we will insert the "inverse" into some of the terms in (12 .4p . We first observe that 

-2iP + (e~ lF P^u xx ^ = - 2td x P + (e~ lF P„u x ) + 2P + (e~ tF P^ c (u 2 )P_u x ) 

= - 2d x P + {d7 x l P + {e~ lF P^ c {u 2 ))P„u x ) 

+ 2P + (e- lF u 2 P„u x ) - 2P c (u 2 )P + (e- lF P^u x ) 

and thus the sum of the first two terms of the right-hand side of (12. 4p can be 
rewritten as 

- 2P + (e- iF u 2 P.u x ) - 2d x P + (d~ 1 P + (e- iF u 2 )P^u x ) 

+ 2P c (u 2 ) (d x P + {d- l P + e- iF P_u x ) - P + (e- iF P_u x )^ . (2.5) 

Now, let us denote 

R{u) := {P+,e~ lF ]u = P + (e~ jF u) - e~ lF P+u 

= P + {e~ iF P^u) + P + {e~ lF P c u) - P_{e- lF P + u) - P c {e~ iF P + u) . (2.6) 

Formally, R(u) is a commutator, and has one order higher regularity than F x = 
P^LcU 2 (see Lemma |3~6|) . Then we get 

v = e~ iF P + u + R(u), (2.7) 

and thus P + u = e lF v — e tF [P + , e~ lF ]u. Since u is real- valued, this leads to 

p^u = P_( e - iF v) - P4e- lF R(uj) . (2.8) 

Substituting P_u by the expression (12.81) in the two first terms of (12.51) we eventually 
get the following equation satisfied by v : 

v t - iv xx =2N°(u, v) + 2iV 1 (w, v) - 2iP + (e~ iF uB{u 1 u)) + G{u) (2.9) 
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where 

N"(u,v) := -d:P + (d-"P + (e- iF u 2 )d x P4e- iF v)), v = 0, 1. 

and 

G(u) :=P + (e- iF (-2iuP c (uHu x ) + uP c ((P^ c u 2 ) 2 ) + 2u 2 d x P-(e~ iF R{u)) 
- 2d x P + (d~ l P + (e~ lF )P^u x ) + 2td x P + ( K {e~ lF d x P^e- %F R{u))) 

+ 2P c {u 2 )( r P + {e~ lF P^u x ) + d x P + (d- l P + {e- lF )P„u x ))) ■ (2.10) 

We will see that the worst terms of the right-hand side of ( 12. 9 \ are the first two 
terms. Actually the use of Bourgain's spaces will be necessary to handle the first 
three terms of ( 12. 9p . On the other hand, G(u) is a nice term that belongs to L 2 H X ^ 2 
as soon as u G 

3. The main estimates and proof of Theorem 11.11 

In this section, we present the main estimates. By combining all these estimates, 
we finish the proof of Theorem 11.11 

3.1. Linear Estimates. We list some linear estimates in this subsection. The first 
ones are the standard estimates for the linear solution, see [3] and [5] • 

Lemma 3.1. Let s G R. There exists C > such that for all / G X s, ~^ + and all 
Uo G H s we have 

\\W(t)u \\ Y s <C\\u \\ H s (3.1) 



T 

t 

W{t-r)f(r)dr 



<C||/IL ■ (3-2) 

Xrj 



Next, we need some embedding properties of the space Y s . The first one is the 
well-known estimate due to Bourgain [3] 

IMIl^IMI^t < IMLy°>3/8 (3.3) 

where the first inequality above follows from the Littlewood-Paley square function 
theorem. Note that ( 13. ip combined with ( 13 .3p ensures that for < T < 1, 

\\W{t)u Q \\ Lix < WMW • (3.4) 

3.2. Main Non-linear Estimates. 

Proposition 3.2 (Estimates of u). Let T G]0,1[, s G [~,1] and (ui,Vi) G {c^,H s D 

L^H^j xYf,i= 1,2, satisfying (JHHD and flUD on ] - T,T[ with initial data u lfi . 
Then for u = Ui 

NIt- £ (!+ \\ut i)|M|y* + T*(1 + ||n|| 8 Ollull i, (3.5) 

and for large TV G N, we have 

IMIl5?//s<IK||hs +TA/" 2 ||u||| §?h1/2 + 



1 



+ ^(IHI i ^ + lklM(i + NI^). (3.6) 
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Moreover, we have 



\ui - u 2 \\ ~ r <(i + IMUtfvOlh - v 2 || 1 

L T M 4 1 I T 



2 

r i=l 



+^ 4 iK-« 2 ii ipff4 n(i+iKii iPH i) 8 p^) 

and 

2 

- m 2||l5?^V2<||mi,o - 1*2,0 Hnva + JJ(1 + IKII L «» H 4 + ll w 



1=1 



T - 



x ( Ih - n,|| yVa + {TN 2 + iV- 1 /4 ) || Ul _ u 2 \\ lobh , ) . (3.8 



Proposition 3.3 (Estimates of t>). Let < T < 1, s G [|, 1] and (Mj,^) G {c^H s D 

L^tfj) x satisfying ([L8]), (JUT]) and flU]) on ] - T,T[. Then for (u,v) = {u u Vi) 
there exists 1/ > and q G N* such that 

lkN<(i + KII^)KII^ + ^((i + Nr +1 , ~ 

L*^? C\L 

+ (1+NI 9 , — /2 )II^IUv 2 ,i/ 2 ||«|| LOOHsn£ ^). (3.9) 

and 



Iki - "all *<(1 + NI|S)lk,o - « 2 ,o||^ (3.10) 

2 



2 

+ T ' 



L™hIc\L*h\'*> 
2 2 

1=1 ™ 4 J= l 

(3.11) 

The rest of this subsection is devoted to proving Proposition I3.2[ while the proof 
of Proposition 13.31 will be given in the next section. 

3.3. Proof of Proposition 13.21 We start with recalling some technical lemmas 
that will be needed hereafter. We first recall the Sobolev multiplication laws. 

Lemma 3.4. (a) Assume one of the following condition 

1 

Sl + s 2 > 0, S < Si, S 2 , S < Si + s 2 - -, 

1 

or si + s 2 > 0, s < si, s 2 , s < si + s 2 - -. 

Then 

ll/<7ll^<ll/IWM|^ 2 . 
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(b) For any s > 0, we have 

ll.falk*;$ll/l|ff*NU<» + Ikll^ll/IU-- 



Second, we state the classical fractional Leibniz rule estimate derived by Kenig, 
Ponce and Vega (See Theorems A. 8 and A. 12 in 



Lemma 3.5. Let < a < 1, p, p±, p 2 G (1, +oo) with --j- + ^ = - and ai, 02 6 [0, a] 
with a = ai + Q.2- Then, 

\\D«(fg) - fD a x g - gD«f\\ LP < \\D^g\\ LPl \\D^f\\ LP2 . (3.12) 

Moreover, for a± = 0, the value pi = +00 is allowed. 

The next estimate is a frequency localized version of estimate f)3.12p in the same 
spirit as Lemma 3.2 in [26]. It allows to share most of the fractional derivative in 
the first term on the right-hand side of (13.131) . 

Lemma 3.6. Let a, (3 > and 1 < q < 00. Then, 

\\D«P T (fP ± DPg)\\ Lq < \\D?f\\L«\\D?g\\L», (3-13) 

with l<gj<oo, ^- + ^- = i and ot\ > a, ot 2 > and ot\ + a 2 = a + (3. 

Proof. See Lemma 3.2 in [20]. □ 

Finally we state the two following lemmas. The first one is a direct consequence of 
the continuous embeddings H S+1 ^ A c — > H^ 2 <^-> L°° whereas the proof of the second 
one (in the real line case) can be found in [[18], Lemma 6.1]. 

Lemma 3.7. Let s G [1/2, 1], z G L^H s+ i and 1; G Lf,if| then 

1 /2 

Lemma 3.8. Let i>i,i>2 £ L A H A then 

p^^^iu^pyvii^ii^y^n^ (3.15) 

Let fceZ* with |&| < 10. A direct computation gives 

^(e ifcF ) = kte ikF (u 2 - P c (m 2 )), (3.16) 
Next by gathering the obvious estimates ||e* fcF 11^=0^2 <1 and \\d x {e lkF )\\L^i,2<P c {u 2 ) + 

\\e ikF \\L°°m<l + \\u\\ 2 i. (3.17) 



On the other hand, by Lemma [3 A\ we have for any s G [1/2, 1], 

||^(e <wr )||L 5? F.-<||e iW? ||^ll« a " ^(« 2 )||^-<(l+||«||L„l)ll«llr.o OW 4ll«ll^ 
Gathering the above estimates leads for any s G [1/2, 1] to 

l|e ifcF ||L-^+i- < (l + INI 2 i)(l + M i|NU«»H') (3.18) 
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and, in view of ( 12.61) and Lemma [3 .6[ it holds 



\\RH\\ T s + < \\e iF \\_ „i + h\\L*L?- (3- 19 ) 



< \\e~ lF \\ 3 Null 



Sd+HI^JHI^i. (3.20) 



Now, for s G [1/2, 1], according to (12. 7p . fl3.18p - fl3.20p and Lemma I3TT1 we easily get 



< \\e* F \\ LrH ^-\\v\\^ +^11^11^3^11^)11^^ 
<(l + ||n|| 4 Of ll^llv- + ll^ll 4 OIMI 

Estimate (I3.5P follows by using that u is real valued and the conservation of the 
mean- value by (11. 8p . 

Next, in order to get a better estimate of H^Hl 00 ^) s G [~, 1], we split u into a low 
frequency and a high frequency part. For low frequency, we use the equation for u, 
while for high frequency, we use P + u = e tF v — e lF R(u). For any N = 2 k G N, and 
s G [|, 1], we have 

< ||-P<fe«||i5?J^ + 2\\P> k u\\L°?H°- 

By the equation of u, we have 

1 /** 

P< k u = W{t)P< k u + - J W(t-r)P< k d x (u 3 )(r)dT, 

that leads to 

||P<fc«IU§?H-<||wo|k. + T2 2fe || M ||3 ??Hl/2 . 

To estimate the term II-P^wIIl^/p, we use P + u = e tF v — e tF R{u). By (I3.17P 
- fl3T20D we have 

\\PU eiFR ( u )\h¥H* < N-^\\e- iF R(u)\\ L¥H5/ < 

< N^(i + \\u\\^ Hh )\\u\\ L ~ H ^ . 

It remains to estimate ||-P>fc[e li V] \\h s - By Lemma [3.41 we have 

\\ p >k \ eiFv \ IUr ^ s ~W P >k [P<k-b{e iF )v\ Wl^h* + \\P> k [P>k-5(e iF )v] Wl^w 

~ll elF |U?? L S IMU? -^ + \\ v \\L?°H s \\P>k-5(e lF )\\L?>H 1 



<IK'l|L r ^(i + iV" 1/4 (i + 



I Il4 

\u\\ i 



Then (13. 6 p holds. For the difference estimates f l3.7p -f l3TS|) . the proofs are similar. 
We only need to observe that by the mean- value theorem, \ e lkF ( u i) _ e tkF(u 2 )^ < 
\k(P^ c (ul — uf)\ and thus 

V kF {ui) _ e ^K)|| L?i| <|| Ul _ tiall^^dlmH^/, + \\u 2 \\ L¥m/2 ) (3.21) 
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and 

+ \\PMO(e ikF{ui) ~ e ikF ^)\\ L¥Ll 
^IK ~ u 2\\l^h^(\\ u i\\l^h^ + \\ u 2\\l^h^) 3 ■ (3-22) 

3.4. Proof of Theorem II. 1L In this subsection, we prove Theorem 11.11 We will 

rely on the results obtained in |22j : 

Lemma 3.9 ([22]). The mBO equation (II. ip is locally well-posed in H s for s > 1. 
Moreover, the minimal length of the interval of existence is determined by HwoIIh 1 - 

Now, fixing any u G if 1 / 2 (T), we choose {wo,n} C C°°(T), real- valued, such that 
— >■ % i n H 1 ^ 2 . We denote by it n the solution of mBO emanating from u n given 
by Lemma [3.91 and v n = P + (e~ tF ( u, ^u n ). 

Step 1. A priori estimate: we show that there exists T = T(||w ||#i/2) > such 
that u n exists on (— T, T). 

It suffices to show that there exists a T = T(||mo||#i/2) > 0, such that for any 
n G N, if |t| < T and u n {t) exists, then 

\\un{t)\\ H > <C{\\u , n \\ H s), 1/2<s<1. (3.23) 

First we show (13. 23ft for s = 1/2. We may assume ||iio, n ||_H-i/2 < 2||mo||h-i/2, Vn G N. 
Define the quantity \\(u, v)\\f^, by 

\\(u,v)\\ F ^ := \\u\\ L ^ H s + || v || i. 

Ji.rp 

Applying Proposition I3.2tl3~3l to u ni v n (taking s = 1/2), we get 

HK,OIU 2 <(l + lko||^/ 2 )lko||HV 2 + {T l/A N 2 + N-^)\\(u n ,v n )\\l 1/2 

+ T^(i + ||K,^)ll^/ 2 )llK,^)|| F i/ 2 , 

for some v > and fceN* and for any N > 1 and < T < 1. Therefore taking N 
large enough, we infer that there exits T = T(||m ||^i/2) > such that (I3.23P holds 
for s = 1/2. Now, for 1/2 < s < 1, we have 

||K,OI|i^<(l + Hlliri/OIKJIfr- + (T 1/4 A 2 + A^HK, ^ n )f 1/2 ||(n n , w„)|| F » 

T 

+ ^(i + ||(« re ,^)||^ /2 )||K^ n )|| F , , 

which yields (13.231) for some T = T(||ti ||^i/2) > smaller if necessarily. This 
completes the Step 1. 

Step 2. Next, we will show that u n is a Cauchy sequence in C([—T,T];H^ 2 ). 

Applying the difference estimates in Proposition I3.21l3~3l to (u n ,v n ), arguing as in 
Step 1, we get 

||(tt n - U m ,V n - V m )\\ F i/2<\\u ,n - U ,m\\ H i ■ (3.24) 

Thus, (u n , v n ) is a Cauchy sequence, and there exists u G C([—T, T]; if 1 / 2 ) such that 
||w n — m|| i — y 0, n — > oo. By classical compactness arguments, it is easy to check 

that u solves the mBO equation. Moreover, in view of (I3.24p it is the only solution 



12 



Z. GUO, Y. LIN, L. MOLINET 



_L _L 

in the class u E L^H 1 ^ 2 with P + (e lF ^) E X^ 2 and the solution-map uq H- u is 
continuous from H s (T) into C([-T, X 1 ]; i? 1 / 2 ). At last, using; the conservation of 
norm of w, we get that u is global in time. 

4. Proof of the estimates on v 
In this section, we prove Proposition 13.31 We will work on the equation (12. 9p . By 
Lemma [3.11 and the trivial embedding L\H S <-» 2 + , we infer that 



v\\ Y s<\\v(Q)\\^+Ti\\G(u)\\ LlHa + \\N°(u,v) 



+ ||P + [-2i e - iF wP(w,w 



(4.1) 



for some v > 0. Then to prove Proposition 13.31 we will estimate the terms of the 
right-hand side one by one. 

4.1. Estimate on G(u). 

Lemma 4.1. Let 1/2 < s < 1, < T < 1 and m E C([-T,T] : H s )nL^Hl, i = 1,2, 
be two solutions to ( II. 8ft with initial data itj o- Then for u = ui we have 



l|30i,o)|U*<(l + ||«t I o||ffi/a)||Wt I o||ff' 



Moreover, it holds 

2 

||0(*>l,o) - £(^2,o)|Ui/2<|K,0 - U2,o||fli/a JJ(1 + IKollffi/a) 



t=l 



||G(ui) - G(u 2 )\\ L 2m/2<\\ui ~ u 2 \ 



LfH 1 / 2 r\L%Hl /2 



1 12 



1 LS? HVanLiHy 2 ' 



i=l 



where the gauge transformation Q and the function G are defined respectively in 
(|23D and (I2TT0D . 

Proof. The estimates on t^o = £?(wj,o) an d its difference are similar to the estimates 
of u in the proof of Proposition 13.21 The estimates on G follow from the definition 
( 12.101) of G(u), Lemma [3.41 and Lemma [3.61 For instance we have 



\e- iF P + (u 2 d x P4e- iF R(u))\\ HS <\\e- iF \\ H s_ 



\u 2 \\ H s\\d x P_(e- lF R(u))\\ H ° 



<l|e-* F || 2 3 \\u\ 



Hi\n\ H ^\\R{u)\\ H ^ 



<\\u\\ttb \\u\\ i kt i (1 



and 



^P + (9- 1 P + (e-^)P. 



< 



-IF I 



H 3 



\hI\M\hz 



\u\ 



II 



ffVaJIMI-ffJ 



□ 
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4.2. Estimates on suitable extensions of u and e~' lF ^ . Before proving the 
main multilinear estimates, we need to prove estimates on suitable extensions of u 

and e ~ iF( - u \ 

Lemma 4.2. Let 1/2 < s < 1, < T < 1 and u u u 2 G C([-T,T] : H s ) n L%E% be 
two solutions to (jl.8p . Then for z = 1, 2 

Moreover, we have 



\ U \~ U l\\ , —I ^ll M l-M 2 || . p-T, 2 TT(1 + IKi| 2 r oorn/2nr4 rrl/0- 

(x v^nL^HtnLfH^^ t ' r\L T n 4 t t 4 

(4.3) 

Proof. We consider u>(t) = t)u(t) on the time interval [-T, T] and extend w on 
(-2, 2) by setting d t w = on [-2, -2] \ [-T, T]. Then it is clear that for any 9 el, 

II^I|l2((-2,2) : H9) = ||<9H|l4#e, lkllL2((-2,2)://e)<lk|| L? f^ 

Now we define = r/(t)W(t)w(t). £t is clearly an extension of u outside (— T, T) 
and it suffices to prove ( 14. 2ft with the X ' , L^H S and L^if^-norms of w in the 
left-hand side. First, using that d t w = 2W(—t)(P^ c (u 2 )u x ), we get 

II^Hxs-M <||w|| L 2((_ 2i 2):^-i) + ||9 t U'|| i 2((_2 i 2):H s - 1 ) 

<|k||L2((-2,2):H-l) + |P«(M 3 )||l4 a + IMIi§?£3 H^Hz^ 
^||«||La((-2,2):H-l) + IP>IL* nLS?illkl| 2 1 



*->T x 



where in the last step we used Lemma [3751 together with L^H^ 2 ^ L\ x . Second, 

INU^ ~ \\v(t)w(t)w(t)\\Loo H a ~ IIHU§?ff* ~ IMUs?h s • 

Third, we notice that 



with w(t) = w(T) for all t e]T, 2[ and w(t) = W(-T) for all i e] -2, -T[. Therefore, 
in view of (13 ,4p . 

\\W(t)w(t)\\ L4( ^ H}) = \\W{t)w{T)\\ LA ~ Hi) < \\w(T)\\ H s = \\u(T)\\ Hs < \\u\\ L¥Hs 

This completes the proof of ( 14. 2p . Finally the estimates for the difference is similar 
and thus will be omitted. □ 

Next, we prove the properties of the factor e lkF . 

Lemma 4.3. Let 1/2 < s < 1, < T < 1 and u u u 2 E C([-T,T] : H s ) n L%E% be 
two solutions to (II. 8p . Then for % = 1, 2 

llg-i^)!, <i + (i + W 8 , 4 1)11^11^0^1- ( 4 - 4 ) 
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Moreover, 

2 

^IK-«2ll i i TT(i + ll-^ll 6 i 0- (4-5) 

Proof. We set z(t) = W(— t)e~ lF on ] — T, T[ and than extend z on ] — 2, 2 [ by setting 
d t z = on [—2, —2] \ [— T, T]. Then 10 = T)(t)W(t)z(t) is an extension of e~ %F outside 
(— T, T). As in the previous lemma, for any 9 e R, it holds 

which together with f l3.17p - fl3.18p gives the estimate for the first term on the left- 
hand side of (14. 4p . Moreover, 

Nllrj- J SII«-*ll IM - 1 - + ll(ft + «aB«- u 'll IM - 1 - 

with 

(d t + Ud 2 x )e- lF = -ie~ iF F t - iU(e^ F (2uu x - i{P^ c {u 2 )) 2 )) 



According to the expression (12. 2p of F t , Lemma [3.41 and Lemma [3.81 . it holds 



i _ + 



2uu x + ik{P^ c {u 2 )) 2 



< 



\U 



| L??H i/2 + ||«|| L 4 H i/a 



which yields the desired result by using (I3.17P and again Lemma 13.41 

For the difference estimate (14. 5p . the proof is similar by using fl3.2ip - fl3.22p . The 

details are omitted. □ 



4.3. Multilinear estimates. With Lemmas 14 .2114 .31 in hand, the following propo- 
sition enables us to treat the worst term of (14. II) . that is N u (u,v) with v G {0, 1}. 



Proposition 4.4. Let 1/2 < s < 1, 101,104 e X" 1 / 2 "' 1 n L^H S X +1 ~ , u 2 ,u 3 e X 
Lf^H^ n L\H\ and E X 1 / 2 ' 1 / 2 with compact support in time. Then it holds 

I d u x P + (d~ v P+ (w x u 2 u^ d x P. (w 4 v 5 ) 

< 1 1 ^1 1 1 i°°JT«+i- 1 1 ^4 1 1 I k5 1 1 ^1/2,1/2 Y\_ 

i- 

+ ll^5||xl/2,l/2 JJ (\\Wi\\ X -l/2-,l nL ™ H 3 



8-1,1 



n 



3 



i=2 
,3/2- I X 



E 

2<j^j<3 



i=l,4 



3" Xs-^nL^HsnLfHZ 



(4.6) 
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Proof. We want to prove that 
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/ := 



d u x p + (d~ v p + (w lU2 u^ d x p^ ( Wi v 5 ) 

E E 

A r >2,iVi23>Ar,Ar 4 5<Ar 12 3 N t , l<i<5 



X" 



d x P N P + d x u P Nl23 P Ni WiP N2 u 2 Pn- 3 Uz d x P Nis P- (P Ni w A P N5 v 5 



-1/2+ 



By the triangle inequality we can separate this sum in different sums on disjoint 

subset of (2 N ) 8 . By symmetry we can assume that N 2 < N3. 

1- N4 > 2~ 8 N 5 . Then N45 < N4 and we can write by almost orthogonality 



'*[E(EE E E 

V123 ^4 N 5 <N 4 2<N<N 123 N 45 <N 4 



< 



d x P N P+ (Pn 123 9 x v (w 1 u 2 u^d x P N45 P^(P N4 w^P N5 v 5 ^ 
[E(E E E N s \d:P N P + (p Nl23 d-» ■(w 1 u 2 u,) 

Ni 23 N 4 ,N 5 2<N<N 123 N 45 <N 4 



X s >- 1 /2+ 



1/2 



r 4/3 



2-1 1/2 



N 



N 423 N 4 ,N 5 2<N<N 123 N 45 <N 4 

■d x P Ni5 P- (Pn 4 w 4 Pn 5 v 5 

<[J2( n ^\\Pn 123 ^iu 2 u 3 )\\ l1 Yl 

ATi23 N<N 123 1 

AT 4 °- AT|+ A^O" 1 1 ^ ^4 1 Lf J I ^7V 5 ^5 1 1 Z.f^ 

N 4 ,N 5 ,N 45 

^\\ JS A W l U 2U 3 )\\ L 2jw4 L ^ H l_\\v 5 \\ L S x 
Z(\\J>l\\Lt + WJ.Mlt + \\J S x U 3 \\Lj x )(\\wi\\ L l 



1/2 



^(lkl|l L oo H §- + H^IUfflJ + hshlHi] 
\\ w <i\\l™Hx /2 ~ II' U 5||x 1 /2,i/2 



wi\\ L f x + IMI24 + IMU?J : 



where in the second to the last step we used Lemma 13.121 . 

2. N 4 < 2~ 8 A r 5 . Then N A5 ~ N 5 so that we can drop the summation over 

by replacing P/v 45 by P/v 5 . Note that in this region the frequency projections force 

N 5 < N 123 . 
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2.1. N4 > 2~ S N. By almost orthogonality it yields 



J ^[E( E E E ^i^p + (Piv 12 3^( 

N123 N 5 <N 123 N 4 <N 5 2<N<N 4 

Ml \ 2 l!/2 

■d x P N5 P_ (P Ni w 4 P N5 v 5 ) 



1 



< 



iVs . 1/0ll _ 1/0 _ „ \2 



E^ll^aK^HxL E (^) 1/2 H^ /2 ^5lk 
^123 N 5 <N 123 123 



1/2 



^iV°-iv| + ||P^ 4 || L o 



N 4 ,N 

< 



\\J x (w 1 U2U 3 )\\ L 2j\W4\\ L oo H 3/2^\\D 1 J 2 V 5 \\ L 4 x 

< 



(IKII i?OJJ -§- + l|w2|UfflJ + IMlLfffjXIMU?,,, + ||^ 2 |Uf^ + IMIz4 

11^4^00^3/2- ||f 5 || X l/2,l/2 



2.2. iV 4 < 2~ 8 iV. 

2.2.1. TVi > 2- 8 A^ 123 . Then we get 



N>2 N 123 >N Ni>Ni23 N 2 ,N 3 ,N4,N 5 <N 1 

■Nl /2 \\Dl/\4 Lf J\P N4 w4L- 

zJ2 N °~ E ^E^r^ii^iii^JE^-ii^iUs) 

N>2 N 123 >N Ni N4, 

E jvj-ii^ik)) n(E ^" iifi*«.ik) 

3 

< 1 1 1 1 £f°^-+i- 1 1 W 4 1 1 ^oo^i/a 1 1 V B 1 1 JCi/a,i/a JJ IM| L «, H i/2 

i=2 



2.2.2 Ni < 2 8 A^ 12 3. Then we have ~ iV 12 3 ~ N max . Since in this case it always 
hods 2~ 3 < N3/N123 < 2 3 , by a slight abuse of notation we can drop the summation 
over iVi23 by replacing P Nl2Z by P N:i . 
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2.2.2.1 N\ > 2~^N§. Then by almost orthogonality we get 
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J ^[E( E NS+VN * V E \\pn^p N2 u 2 p n m 



N 3 >2 2<N<N 3 



Ni,N 2 



L tx 



2-i 1/2 



N 5 <N! 



iV 4 



< 



[E^i^ik E 



7V 3 >2 



AT \ 2n 1/2 , 

JV<AT 3 d JVi 



^iVMl^P^^H^ ^iV 4 -p° + P^^IU s E^IP^^IUl 

iV 3 JV 4 JV 5 

^ lkl||L»H3/a-||w3||£^||w2|U«Hi/a||W4||Looffi/a||v 5 ||xV3.i/a 



2.2.2.2. iVx < 2~ 5 N 5 and JVi > 2" 5 iV. Then it holds 



iV 2 JVi JV 3 

XI ll P JV4^4||L- E^^II-PjVB^lUt 

AT 4 N 5 



< 

~ II ^iIlL 



oo H 3/2- ||^2 || JLf-'JJ' 1 / 2 11^3 ||^4 



Xl/2,1/2 ||l«4|| roo rr3/2 



2. .2.2.3 JVi < 2~ 5 (iV 5 A iV) and JV 2 > 2" 5 (iV 5 A AT). 

2.2.2.3.1 iV 2 > 2~ 7 N. Then either N 3 ~ N and then iV 3 ~ JV ~ N 2 which leads to 



7 <[E ( E E IdlPN^PN^ {Pn^P^P^u, 



N 3 >2 N 2 ~N 3 Ni<N 2 

>6{1,4,5} 



d x P Ns P- {Pn a w a P Nt vs) 



1/2 



~[E(E E N l\PN^lPN 2 U 2 P Nz U^ L2 N 5 \\P NiWi P N5 v4 Li 



N 3 N 2 ~N 3 n x <n 2 

i£{l,4,5} 



1/2 



<[EJvfii^«.iiit(E ii^iUsii^iUs E E (|)' /2 (f v/2 

iV 3 Ari,iV 4 N 2 ~N 3 N 5 <N 3 6 



\\DWPnMll\\Ps*DI /2 v*\\ 



L 4 



2-i 1/2 



^ 1 1 "3 1 1 £5^; 1 1 -Di /2 «2 1 Ut. 1 1 ^i 72 ^ II i-t» H" 1 " 1 lUj- ^H 3 /*- 1 1 ^ 1 1 ioo.ffa/a- 

t 4 
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or N 3 ~ iVs and then we get 

J ^[E(E E E ^^ii^^iiisii^ik 

N N 2 >N N 3 >N JVi,ie{l,4} 

\ 2-1 1/2 

||PjV,U 3 ||zt ll^ 4 ^4|U S ||PiV3^5||Ll 



■ll L ^y 2 |k4|| L ^y 2 ^iV3 S ||P^3||LfJI^3^5lL 

TV \ V2 1/2 ., \ 21 1/2 



[E(E(9 Vl^ik 



JV AT 2 >AT 

£ IMI^IMI r^JpyV||£^||Wl||L«.fl3/a-||w4||i«ff8/2- 
t 4 L t H 4 

where, in the last step, we used Cauchy-Schwarz in N 3 and that by discrete Young 
inequality 

||2^(2 fc -^) 1 / 2 X ;^._ A;2<5> ]|^/ 2 J- 2fc2 zx 2 ||^ 4 <R 1/2 u 2 || Z4 . 

II' /^(N) Ia: 

2.2.2.3.2. TV 2 < 2~ 7 iV . Then N 2 > 2~ 5 N 5 since we must have N 5 < 2~ 3 N 3 . This 
forces N 3 ~ N so that we get 

2-i 1/2 



J ~fE(E E E ^P^P^Pa^ r2 N 5 \\P N4 w 4 P N5 v 5 \\ 

AT AT AT SAT AT AT tx 



I 4 



N 3 N 2 N 5 <N 2 N 1 ,N4, 

< 



1/2 

\\wi\\ L? o H i/2 \\W4,\\ L oo H V* \2_^ N 3 S \\ P N 3 U3\\li 

N 3 



E E (f ) n^^^iutjip^^iu. 

^2 JV 6 <iV 2 2 

£ IMI^rJKH — r/2W D l l2v ?>\\U lkl|lL-/f3/2-||w 4 || Lr!H 3/2- 

where in the last step we used the discrete Young inequality 

2.2.2.4. (Ni V N 2 ) < 2~ 5 (N A N 5 ). Here it is worth noticing that we can assume 
that (N A JV5) > 2 4 and the result follows directly from the lemma below and the 
proof of the proposition is completed. □ 

Lemma 4.5. Under the same hypotheses on Ui as in Proposition, it holds 

J ]= [ E ( E W^PNP+^PN^PmWiP^PN^ 

7V>2 4 (AT i )i< i < 5 6Ajv 

3 



\ \ 2-1 1/2 

d x P Ns P-(P N4 w 4 P N5 v 5 )j xe _ 1/2+ ) J <]_]JNU 

i=l 



where 



A,v := { (N u N 2 , N 3 , N 4 , N 5 ) G (2 N U {0}) 5 , N 3 > 2~ 3 N, 

2 4 < N 5 < 4iV 3 , (JVi ViV 2 V N A ) < 2~ 5 (N A N 5 ) k 
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Proof. It is worth noticing that, thanks to the frequency projections, ~ N max 
and the resonance relation yields 

|<W| > m\ > 2~ 2 NN 5 >(NA N 5 )N 3 (4.7) 

for all the contributions in J. First we can easily treat the contribution of the region 
{(r,0, (r > 2- 2 NN 5 }. Indeed, we then get 

J < E (NN^N^N^N^ 

N>2 4 (A r i,A r 2,A r 3,A r 4,A r 5)GA]v 

\\ p n 3 D s x u 3 \\ L 4J\dI /2 P Ns v 5 \\ L 4J\P N2 u 2 \\l^ ] [ H-PjViWilUg 



i=l,4 



/2||Wl|| 1/2||W 4 || L „l/2 



Af>2 4 



which is acceptable. Therefore in the sequel we can assume that (r — < 
2~ 2 A r A 5 }. Now, for any fixed couple (N,N 5 ) e (2 N ) 2 , we split any function z e I/ 2 ^ 



into two parts related to the value of a by setting 

z = - eiei)2) + ((i - - eiei))^) == * + 1 • 

1. Contribution of 7)5. We now control the contribution of to J in the following 
way : either N ~ A3 ~ A 7 ^;,. and we write 



tx 

i=l,4 



7V>2 4 N 3 ~N Ni<2^N 3 

i=l,3,4,5 

l|- P A r 5^5||x 1 /2,i/2||PAr 3 -D>3||L 4 J|-P7V2 M 2||L- ] [ ||Pv,' 

i=l,4 

~(E N ~* + ) ll^llxi/2,1/2 HuslUfflj ll^alLoofl-ya II 
N i=l,4 

or A" 5 ~ A3 ~ AT moa . and we write 

J ^EE E E n^nn^n 1 ^ 

7V>2 4 N 5 ~N 3 iv l <2-5jv 

i=l,2,4 

ll^5^5||xi/2,i/2||PjV 3J D>3|| L 4j|P 7 v 2 M2|U- JJ ||PiViW<||ig 

8=1,4 

<{YN^ + )\\v4 xl/2 ^2\\u 3 \\^J\u 2 \\ LrH i/2 Y[ 

N * 4 i=l,4 

where we apply Cauchy-Schwarz in A3 ~ A" 5 in the last step. 
2. Contribution of v 5 . 
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2.1 Contribution of ih\. We easily get 

E {{N hN,)N,Y l NfNl- s N s 

N (ATi,7V 2 ,Af3,A r 4,A r 5)eAjv 
1 1 -PiVi^l 1 1 jc-i/2-,i 1 1 i^JVg W 3 1 1 -0^5 1 II ^V 2 -"2 1 Us 1 1 ^AT^^H 

£l^^ + IKIIx-i/3-.i|MI j||v5||xM/ a ||«2|| £ cc H i/a|h4|| LO o ff i/a 

which is acceptable. 

2.2 Contribution of w\. To treat this contribution we will extensively use the fol- 
lowing lemma which is a direct application of the Marcinkiewicz multiplier theorem. 

Lemma 4.6. For any p g]1, +oo[ there exists C p > such that for all N > 1 and all 

L > N 2 , 

^(aw^$ J )/(a)) rP <c P imk, v/gl^m 2 ). (4.8) 

Proof. By Marcinkiewicz multiplier theorem (see for instance ([6], Corollary 5.2.5 
page 361)), it suffices to check that 

di a t a2) (M0vl(t T e)) \ < ICHrr for \a\ < 2. 
But this follows directly from the fact that for N 2 < L , 

^(M0VL(rTe))=O(N^) and ^ [<I> n (C)Vl(t T f)) = 0(L~ l ) . 



□ 



It is worth noticing that on A N , with N > 2 4 , it holds Nf < 2~ 2 NN 5 for i e 
{1, 2, 4}. Hence, in view of (]4.8p . for any 1 < p < oo, setting (z 1; z 2 , Za) = (^i, ^2, ^4) 
it holds 

\\P Nl P T ~z\\ LL < C p \\P Ni P T z\\ LL . 
and thus by the continuity of the Hilbert transform in L p , 1 < p < 00, 

\\PnMlI x < C p \\P Ni z\\ L v x . (4.9) 

We separate the contribution of w\ in different sub-contributions. 
2.2.1 Contribution of u 2 . Then we write 

J ^J2 E ((nan^n^nI+n^n-^ 116 

N (A r i,A r 2,A r 3,A r 4,A r 5)GA]v 
1 1 Pn 2 U 2 1 1 x- 1/2- . 1 1 1 P JV 3 D x~ 1/6u 3 1 1 LfJ I Pn 5 V 5 1 1 L? 4 1 1 P Nl W! || L 24 1 1 P Ni U 2 1| £» 1 1 PjV 4 ™4 1 1 L« 

^ 5^ ll^i lU^ll^^alUfii 11^511^1/2,1/2 ||w 2 ||^:-V2-,i ll^ll^oo^ya 

N 

^ll^lllioojyi/a IWalU^^nif-ffl ll^sllx 1 / 2 - 1 ^ IWallx-i/a-,! H^H^oojyi/a 



where we used Sobolev inequalities and (14.91) in the last to the last step. 
2.2.2 Contribution of u 2 . 
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2.2.2.1 Contribution of w±. This subcontribution can be estimated in the same way 
by 

^E E ((NAN^Nsy'NtNsN'N^ 6 

N (Ari,Af 2 ,Af 3 ,Af4,A r 5)GAjv 

1 1 P N 2 W 4 1 1 X- 1/3- .1 1 1 P N 3 D S ~ 1/(i U 3 \\ L 6 x \\ P Ns V 5 1 1 L 36 1 1 P Nl Wl 1 1 L 36 1 1 P N2 U 2 1 1 L 36 
<|| Wi|| L oo^i/2 || M 3||L t °°H s nLfH| 11^5 1| XV2, 1/2 1 1 «2 1 1 £00^1/2 || W 4 || X -l/2-,l 

2.2.2.2 Contribution of w^. Since max(|<jj|) < 2~ 2 NN^,, we only have to consider 
u 3 in this contribution. Either N ~ N 3 and then 

j2 ^E( E NUNsN^N^Nf 

A 3 (A r i,A r 2,A r 3,A r 4,A r 5 )eAjv 3 

\\Pn 3 u 3 \\x^A p n 5 DI /3 v 5 \\l^\\Pn 2 u 2 \\l^ 11 H P ^^lliL 6 

i=l,4 

<(E ii^3« 3 iu.-m) VbIi wii^ii^/. n 



2 



i=l,4 

i n9 n n9 

AT 3 i=l,4 

or A^5 ~ A^. In this last case we first notice that X 0,3 / 8 <— >• and that for any 
fixed 2 < p < oo, X^ 1 ^ 2 " L^L 2 . Therefore by interpolation, Sobolev inequalities 

5 _1 1/2+ 

and duality we infer that Lj, x ^ X T 6 ' . We thus get 

N N 3 (NVN!\/N 2 VN4)<N3 
\\PN 3 U 3 \\x^A\ P N 3 Dl /2 V 5 \\ L i x \\P N2 U 2 \\ L 36 ] [ \\P Ni Wi\\ L 36 



i=l,4 

Af JV 3 i=l,4 

^ll u 3|lx-i.i 11^11x1/2,1/2 IMI^i/a II IH^-fr 



jfl /2 

i=l,4 



where we apply Cauchy-Scwharz in N 3 in the last step. □ 

Finally, this last proposition together with Lemmas 14.31 enables to treat the term 
containing B(u,u) in (14. ip . 

Proposition 4.7. Let 1/2 < s < 1, w x G X" 1 / 2 "' 1 n L^H s x +l ~, and Uj G X s ' 1 - 1 n 

Z^-ffJ fl L^°H S , i = 2,3,4. with compact support in time such that u 2 and u 3 are 
real-valued. Then it holds 



WiU 2 B{u 3 ,u±) 



.i + <lkl||x-i/2-,i INI LTH \ INI L?OH i IKIUftf| 



-I- 1 1 -7/7-1 II 



E h^h 

— i \\ u a\\ , , T — • (4-10) 

I J II -i -i II y II y s - l.ln r4 t/s n r oo zjs V / 
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Proof. Recall that B(u, v) = —id x 1 (P + u x P + v x ) + id x 1 (P-U X P-V X ). By symmetry it 
thus suffices to estimate 



I :-- 



w 1 u 2 d x 1 (P + d x u z P + d x u A ) 

E 

N> 1 , N x , N 2 , N 3 ,N 4 ,N 34 > (AT 3 V7V 4 )/2 

• PN 3i d~ l {P + d x P N3 u- i P + d x P Ni u i ) 



P N [P Nl WiP N2 U 2 



By symmetry we can assume that iV 3 < N 4 and thus we must have ~ N±. We 
can thus drop the summation over A^ 34 and replace Pn 34 by P^ i . 

By the triangle inequality we can separate this sum in different sums on disjoint 
subset of (2 N ) 5 . 
1. JVi > 2~ 8 N. Then we have 



J ~5Z ^ PN^PN^PN.UiPN^iP+dxPN^P+dxP^Ui) 

N Nx>2- S N N 2 ,N 3 ,N 4 

4 



r,4/3 



AT<2 8 Vi N 2 ,N 3 ,N 4 



i=3 



< 



8=3 



2. Nx < 2~ 8 N and iVi > 2- 5 7V 3 . Then either N 4 > N V N 2 and it holds 



'*[E(E E E E 



N N 4 >N N 4 <2~&N N 3 <2 5 Ni N 2 

P^d' 1 (P + d x P Ns u 3 P + d x P N4 u 4 ) 



PnIPn^Pn^ 



r 4/3 



^(E(E(£) 2 *ii^ii 

N N 4 >N 

4-ll U 2 



5^ II-Pjvi^i Wl?hI \\Pn 2 u 2 \\ ltl % \\P N2 u 3 \\ L? , L s 

N!,N 2 ,N 3 



LfH, 

or N 2 > iVV JV 4 and it holds 



'*E(E E E E^* 

AT N 2 >N N!<2- 8 N 7V 3 <2 5 7Vi N 4 

■ P NA d x 1 {P + d x P N3 u 3 P + d x P NA u 4 ) 



P N [P Nl WiP N2 U 2 



,4/3 



iV 



AT AT 2 >iV 



S(E(E (jv^H^llit) 1 E ll^^ilLr^nil^Hw 



n 

i=3 



N,N 3 ,N 4 



i=3 
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3. JVi < (2~ 8 iV A2- 5 iV 3 ). 

3.1 N 2 > 2~ 8 N. Then we have 

'*(E[ E EE*' 

AT N 2 >2~ S N N 3 ,N 4 Ni 



P Na d x 1 (P + d x P N3 u 3 P + d x P Ni u 4 ) 
N 



P N (P Nl WiP N2 U 2 

2\ 1/2 



r*/3 



2\ 1/2 



^ii^iUr^(E[ E ( F wii^ik 

• E N ^ \\Pn* {P + d x P N3 u*P+d x P NA u A ) || LL 

iV 4 

^IklllL^II^II^EH^^IUi E (^) 1/2 H^a^ /2 ^||^ 
* 4 N 4 N 3 <Ni 4 



where we use two times the discret Young inequality. 

3.2 N 2 < 2~ 8 N and N 2 > 2~ 5 N 3 . Then we must have N ~ iV 4 and thus 



J <E[E E ^-^ii^-iiudi^^ii^ 

Ni N lt N 3 N 2 >2~ 5 N 3 

■ \\PN 3 DV 2 u 3 \\ Li J\P N4 D s x u 4 \\ 

v \ 1/2 



Ni 



Eii^ J * 1/2 ^ik E (f) 1/2 ii^ /2 %ik 

A^2 N 3 <2 5 N 2 2 



3.3 N 2 < (2" 8 iV A 2~ 5 iV"3). Then TV ~ N A and the resonance relation yields 

Wma X \ > > 2- 2 iV 3 iV4 • (4.11) 

First we can easily treat the contribution of the region {(r, £), (r— > 2~ 2 iV3iV4}. 
Indeed, we then get 

/<EE E ^3 1/2 (^iV4)- l/2+ ihiiu r ^iiPiv^2iu s 

JV 4 N 3 <NiN 1 VN 2 <N 3 

■\\PN 3 Dl/ 2 u 3 \\ Lt J\P N J°u4 Ltx 

<l 



.J^i|U r ^i||M 2 || i0 o H y 2 ||M 3 || i||m 4 ||l^| • 



which is acceptable. Therefore in the sequel we can assume that (r — < 
2 _2 A r 3 A r 4 }. We now split V\, u 2 and u 3 into two parts related to the value of dj by 
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setting 

z = J 7 ' 1 (r]2-^N 3 m{r -£|£|)*J + .F _1 ((1 - V2-*n 3 n±{t - £\£\))z) := z + z . 

It is worth noticing that in this region Nf << N3N4 for % = 1,2,3. Therefore 
Lemma [4.81 holds for wi, £t 2 and £t 3 . 

3.3.1. Contribution of uii. We first control the contribution of w\ to / in the 
following way : 

J ~E E E ^ 1 1/2+J V3(^3^4)- 1 ||i^ 1 ^l||x-V»-.i 
7V 4 W 3 <iV4 NiVN 2 <N 3 

■ \\PN 2 U2 ||ig || PjV 3 M 3 1| L- || fV 4 J>4 || 

<||Wl||x-V a -,l||M2|| i;rH i||M3||^||«4|U^ • 

3.3.2. Contribution of u)i. 

3.3.2.1 Contribution of U2- in the same way, using Sobolev inequality, we have 

J ~E E E ^^(^s^-^l^^iiiL-ii^^iu-^-a 

JV 4 N 3 <N 4 N!VN 2 <N 3 

\\PNM\ L ~j\PNjr 1/6 MLi 

~\\ w l\\ L ac H $ ll u 2||x-V2-.i 11^311^^.1 \\u^\\ L oo HsnL j H s . 

3.3.2.2 Contribution of u-i- 

3.2.2.2.1 Contribution of 7/3. 

J ^EE E ^(w*r x nl f *\\p»M\i2 

Ni N 3 <Ni N 1 VN 2 <N 3 

■ II^Mall^llP^Wallx-v^ll^^r^^lUf, 

3.2.2.2.2 Contribution of S3. Since max(|<7i|) > 2~ 2 N^Ni, it remains to treat the 
subcontribution of w 4 . We easily obtain 

/2 ^E(E E n^n^n^wp^w^ 

N 4 N 3 <N t N 1 VN 2 <N 3 

■ llPN^h^llPNsDl^P+UsllLlllPNiU^lxs-iA^j 

5- [Ww-i || 1 lltioll 1 IIm-jII , 1 \\ua\\ Ys-i.i ) . 

Therefore, we complete the proof. □ 
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